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Abstract
Burde’s theory about p-dimensional vectors modulo p (J. Reine Angew. Math. 268/
269 (1974) 302–374, 278/279 (1975) 353–364) is generalized to a theory of q-dimensional
vectors over an arbitrary finite field GF q. We interpret the q-dimensional space over
GF q as the space of polynomials with degree less than q. The connection between the
monomials
pkx  xk 2 GF qx; k  0; . . . ; qÿ 1;
and the linear maps
uaf x  f x a; f x 2 GF qx; a 2 GF q;
governs the transition from the additive to the multiplicative structure of GF q. The
investigation of the subspaces Uupk  fuapkja 2 GF qg gives some relations be-
tween the pk which can be interpreted as results on complex characters. Ó 1999
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1. Introduction
In 1974 Burde published a theory about p-dimensional vectors modulo p ([1,
2]). Here we present a generalization of this theory for q-dimensional vectors
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over arbitrary finite fields GF q. The essence of the theory modulo p is a
connection between the power vectors
pk  0k 1k . . . p ÿ 1kT; k  0; . . . ; p ÿ 1;
and the cyclic transformation Z, which causes a cyclic shift of coordinates
according to a given basis.
If we consider the space V of polynomials with degree less than p over
GF p, then the pk can be identified with the monomials pkx  xk; and Z can
be identified with the linear transformation u1f x  f x 1; f x 2 V .
The pk together with u1 govern the transition from the additive to the multi-
plicative structure of GF p and vice versa.
In Section 2 we extend Burde’s theory. We investigate the subspaces
Uuxk  hfx akja 2 GF qgi; k  0; . . . ; qÿ 1;
where hf. . .gi denotes the span of f. . .g, and generalize his main theorem
(Theorem 1) in a short way. In Section 3 we apply this theory to get some
results on polynomials. So we get a theorem about the number of zeros in
GF q of the polynomials x ak ÿ x bk (Theorem 2). In Section 4 we
transfer these results to results on characters.
2. A theory of polynomial spaces
Let q  pf be a prime power and V be the space of polynomials with degree
less than q over GF q.
Let
uaf x  f x a; f x 2 V ; a 2 GF q:
Remark 1. Obviously we have
uaub  uab and ua  id () a  0; a; b 2 GF q:
Hence the group fua ja 2 GF qg is isomorphic to GF q;, and the map
a 7!ua is a compensation for the nonexistence of a nontrivial additive character
with values in GF q.
Now we define some subspaces which connect the maps ua and the mono-
mials pkx : xk; k  0; . . . ; qÿ 1:
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Uupk : fuapk ja 2 GF qgh i
and
Uk : pi ki
 
6 0 mod p
  :
Theorem 1. Uupk  Uk; k  0; . . . ; qÿ 1:
Proof. Let g be a primitive root in GF q and j  dim Uk. Then for
i  0; . . . ; qÿ 1
ugipk 
Xk
m0
gikÿm
k
m
 
pm 2 Uk:
Let m0; . . . ; mjÿ1 be the distinct integers in the appropriate range with
k
mj
 
6 0 mod p. Then
gkÿm0 ; . . . ; gkÿmjÿ1
are distinct elements. So the matrix gikÿmj
ÿ 
; 06 i; j < j; is a Vandermonde
matrix. Therefore ugipk; 06 i < j; are linearly independent and the assertion
follows. 
For 06 k < q let
k  k0  k1p      kfÿ1pfÿ1; 06 ki < p: 1
Using Theorem 1 we get some informations on Uupk.
Lemma 1. For k  0; 1; . . . ; qÿ 1 we have with 1
dim Uupk  k0  1    kfÿ1  1:
Proof. The dimension of Uupk  Uk is the number of modulo p nonzero bi-
nomial coecients kl
ÿ 
; 06 l6 k. So we get the dimension of Uk from 12. 
The functions eax  da;x; a 2 GF q, form a basis N of V.
Lemma 2. For the minimal weight d of Uupk according to N we have:
d P qÿ k:
Proof. Every 0 6 f x 2 Uupk has degree 6 k and at most k zeros. Since
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f x 
X
a2GF q
f aeax
we get the assertion. 
Remark 2. The Singleton-bound
dim Uupk6 dim V ÿ d  1
(see [5, Theorem 1.4.12]) implies:
If k  k0  1pfÿ1 ÿ 1; 06 k0 < p; then d  qÿ k: 2
By [6, Lemma 6.3], we get for the inner product of two monomials:
pk; pl :
X
a2GF q
pkapla
 ÿ1; k  l  0 mod qÿ 1; k  l > 0;
0; k  l 6 0 mod qÿ 1 or k  l  0:

3
Hence we have the following lemma.
Lemma 3. For k  0; . . . ; qÿ 1 we have
U?k  pl
k
qÿ 1ÿ l
   0 mod p; 06 l6 qÿ 1 :
Remark 3. We obviously have the dimension formula
dim Uk  dim U?k  q: 4
But U?k is not the complementary space of Uk. With (1) and
l  l0  l1p      lfÿ1pfÿ1; 06 li < p; i  0; . . . ; f ÿ 1
we have
Uk \ U?k  fpljli6 ki; 06 i < f and 906 i < f : li < p ÿ 1ÿ kig; 5
and we get the following inclusions:
Uk  U?k () 906 i < f : ki <
p ÿ 1
2
; 6
U?k  Uk () 7
9106 j < f : p ÿ 1
2
6 kj < p ÿ 1 and 8i 6 j : ki  p ÿ 1

or k  qÿ 1;
where 91j means that there exists exactly one j.
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3. Results on polynomials
With
pÿ1k  pqÿ1ÿk; k  1; . . . ; qÿ 2; pÿ1qÿ1  pqÿ1
and (3) we get the well-known orthogonality relations
X
a2GF q
pkapÿ1l a 
ÿ1; l  k
0; l 6 k

; l; k  1; . . . ; qÿ 1: 8
Furthermore, we get results on Kummer sums.
Lemma 4. For k  1; . . . ; qÿ 2:
Kbl; k :
X
a2GF q
ala bk  0; 8b 2 GF q
() k
qÿ 1ÿ l
 
 0 mod p:
Proof. From Theorem 1 and Lemma 3 we get:
Uupk?  U?k  pl
k
qÿ 1ÿ l
   0 mod p ;
and therefore
Kbl; k  ubpk; pl  0; 8b 2 GF q ()
k
qÿ 1ÿ l
 
 0 mod p: 
Remark 4. It is known (see [3, (A1)]) that
Kbl; k  blkK1l; k  ÿblk kqÿ 1ÿ l
 
2 GF q:
By Lemma 2 we get with (1):
Theorem 2. For 16 k < q let m  minfjjkj 6 0g. Then the polynomials
x ak ÿ x bk; a 6 b have at most k ÿ pm zeros in GF q.
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Proof. By (A.1) we have
x ak ÿ x bk  uapkx ÿ ubpkx

Xkÿpm
l0
k
l
 
akÿl ÿ bkÿlplx 2 Ukÿpm : 
Remark 5. If kjqÿ 1 then with n : qÿ 1=k we have k0  k  ÿnÿ1
6 0 mod p, and thus m  0.
4. Results on complex characters
Let g be a primitive element of GF q and n a complex primitive qÿ 1th
root of unity, e.g., n  e2pi=qÿ1. Then the qÿ 1 complex characters of GF q
are obtained by
vk0  0; vkgm  nkm; m; k  1; . . . ; qÿ 1: 9
The following relations between vk and pk are well-known (see [2, Lemmas 7
and 9]). Let ordpk be the order of pk, that is, ord pk is the least positive integer m
such that pmk : pkm  p0:
Lemma 5. vk and pk have the same order
ord vk  ord pk 
qÿ 1
k; qÿ 1 ; k  1; . . . ; qÿ 1:
Lemma 6. For x; y 2 GF q we have
vkx  vky () pkx  pky; k  1; . . . ; qÿ 1:
Now we can interpret Theorem 2 as a property of complex characters. So we
have for the complex character vk; kjqÿ 1; of order n : qÿ 1=k:
vka  xmjm  1; . . . ; k 6 vkb  xmjm  1; . . . ; k; a 6 b; 10
where xm; m  1; . . . ; k, are distinct elements of GF q and . . . jm  1; . . . ; k
denotes ordered k-tuples.
Since (10) holds for all algebraically identical complex characters v of order
n, and also for sequences of lengths larger than k, we get the following.
Theorem 3. Let v be a complex character of order n and x1; . . . xl distinct
elements of GF q. If l P qÿ 1=n then
va  xmjm  1; . . . ; l 6 vb  xmjm  1; . . . ; l; a 6 b:
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Remark 6. This is an extension and a slight improvement of [2, Lemma 10].
Appendix A. Binomial coecients modulo p
In this appendix we determine the nonzero binomial coecients modulo p.
We remark: If 06 l6 k < p, then kl
ÿ  6 0mod p:
For 06 l6 k < q let
l  l0  l1p      lfÿ1pfÿ1; k  k0  k1p      kfÿ1pfÿ1; 06 li; ki < p:
Lucas’ congruence (see [4, p. 271, items 76 and 77]) asserts that
k
l
 
 k0
l0
 
   kfÿ1
lfÿ1
 
mod p;
and thus
k
l
 
6 0 mod p () 8i 2 f0; . . . ; f ÿ 1g : li6 ki A:1
and
l
k
l
 
6 0
 mod p    k0  1    kfÿ1  1: A:2
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